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Abstract 

This paper presents a 6d world-volume action that describes the dynamics of 
the M theory hve-brane in a flat lid space-time background. The world-volume 
action has global lid super-Poincare invariance, as well as 6d general coordinate 
invariance and kappa symmetry, which are realized as local symmetries. The 
paper mostly considers a formulation in which general coordinate invariance is 
not manifest in one direction. However, it also describes briefly an alternative 
formulation, due to Pasti, Sorokin, and Tonin, in which general coordinate in¬ 
variance is manifest. The latter approach requires auxiliary helds and new gauge 
invariances. 


^Work supported in part by the U.S. Dept, of Energy under Grant No. DE-FG03-92-ER40701. 




1 Introduction 


World-volume actions of p-branes encode much information about their dynamics. In the 
case of strings (in flat backgrounds) the world-volume theory has been quantized and used 
to construct the string perturbation expansion. In the case of p-branes with p > 1, one does 
not expect that it is possible to do the same. Still, many recent works have shown that 
an understanding of p-branes, including their excitations, can be very useful. Much non- 
perturbative information has been gleaned by considering vacua containing various branes of 
inhnite extension. (A good example is provided by the 7-branes of F-theory [Q.) Also, non- 
perturbative excitations described by wrapping p-branes about various cycles have played a 
central role in recent studies of black hole entropy as well as other problems P, ^ We 
suspect that a more detailed characterization of p-brane world-volume dynamics will enable 
these studies to go further. 

The actions for the class of supersymmetric p-branes whose only degrees of freedom are 
the superspace coordinates X and 6 of the ambient space-time were constructed during the 
decade of the 1980’s 0 0) 0- Much more recently, the actions for D-branes in type II 

theories have been constructed 0,0,0, g. In addition to the X and 9 variables, these 
world-volume theories contain a U(l) gauge held with Born-Infeld self interactions |1l4|, |l5 


1^ , pT| , [T^, |T^ . For maximally supersymmetric theories, the only signihcant p-brane action 

This 


that remains to be formulated is that of the M theory hve-brane 
paper presents the solution. 

The new feature that makes the M theory hve-brane example somewhat more challenging 
than the other ones is the presence of a second-rank tensor gauge held, in addition to the 
X and 6 coordinates |^. This gauge held describes a chiral boson in the world volume, 
since its held strength is self-dual in the linearized approximation. It has been known for a 
long time that there is no straightforward way to construct a covariant action that describes 
propagation of the self-dual part of this held without also bringing in the anti-self-dual 
part 1^. Various proposals for dealing with this problem have been suggested over the 
years. The main one that we adopt is based on a formulation in which general coordinate 
invariance is only manifest in hve of the six dimensions [^, |^, ^ . It is also present in 

the sixth direction, but the transformation formulas that describe the symmetry are rather 
complicated. The bosonic part of the hve-brane theory, constructed by this method, has 


been presented recently |31]. Another approach to the problem of the chiral boson uses an 
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infinite number of auxiliary fields [^, |^, 

Very recently, a manifestly covariant formulation involving only a finite number of auxil¬ 
iary fields (and compensating gauge invariances) has been introduced by Fasti, Sorokin, and 
Tonin |^, Constructions using the PST formulation turn out to be about as compli¬ 
cated as those in the formulation without manifest covariance. In fact, one of the new gauge 
invariances of the PST formulation involves the same subtleties as those of general coordi¬ 
nate invariance in the non-covariant approach, since one can gauge £x the PST formulas to 
obtain the non-covariant ones and show that compensating gauge transformations are the 
origin of the complicated general coordinate transformation. 

Besides general coordinate invariance, the other essential symmetry of the world-volume 
theory of any super p-brane is a fermionic symmetry called kappa symmetry. It is always 
needed to remove half the degrees of freedom carried by the 6 variables, leaving altogether 
eight propagating fermionic degrees of freedom. This is the same as the number of bosonic 
degrees of freedom, of course, as required by supersymmetry. The way this is achieved is by 
adding a suitable Wess-Zumino term to the action. 

In all previous super p-brane examples, the global super-Poincare symmetry (induced 
from an ambient flat space-time background) is implemented separately for the Wess-Zumino 
term and the other terms. The story in the case of the M theory hve-brane has a surprising 
new feature. Namely, extending the bosonic hve-brane theory to achieve global lid super- 
Poincare symmetry uniquely determines the complete action, including the Wess-Zumino 
term. The formula obtained in this way is then shown to have general coordinate invariance 
and local kappa symmetry. In the covariant PST formulation one is forced to organize the 
terms somewhat differently, so in that approach the story looks somewhat more conventional. 
Specihcally, the covariant action divides naturally into two pieces: one piece is the supersym- 
metrized bosonic theory and the second is a separately supersymmetric Wess-Zumino term. 
The reason these statements are not in contradiction is that the PST gauge invariances, 
which are needed to achieve the right bosonic degrees of freedom, require that both terms 
be included. 

This paper is organized as follows. Section 2 reviews the construction of the bosonic 
part of the M theory hve-brane action in both the non-covariant and the PST formulations. 
Section 3 then describes the supersymmetrization of this theory and the determination of the 
Wess-Zumino term in the non-covariant formulation. The proof that the resulting theory 
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has (non-manifest) general coordinate invariance is given in Section 4. Section 5 presents the 
proof of kappa symmetry. The verihcation of two crucial identities is relegated to a pair of 
appendices. This section also sketches the corresponding formulas in the PST formulation. 
Section 6 describes double dimensional reduction, which gives rise to a 4-brane in lOd space- 
time. The resulting theory gives a dual formulation of the D4-brane of type IIA theory in 
which the theory is expressed in terms of a two-form gauge held instead of the dual U(l) 
vector gauge held. Some concluding remarks are made in Section 7. 


2 Review of the Bosonic Theory 

2.1 Formulation Without Manifest Covariance 


Ref. 1^ analyzed the problem of coupling a 6d self-dual tensor gauge held to a metric 
held so as to achieve general coordinate invariance. It presented a formulation in which one 
direction is treated diherently from the other hve. At the time that work was done, the 
author knew of no straightforward way to make the general covariance manifest. However, 
shortly thereafter a paper appeared that presents equivalent results using a manifestly 
covariant formulation [^], which we refer to as the PST formulation. The relation between 
the two approaches will be described in the next subsection. As one might expect, they entail 
similar complications and there does not appear to be much advantage to one approach over 
the other. Therefore, we will present the supersymmetric M theory 5-brane action in the 
formulation without manifest covariance. This action corresponds to a partially gauge-hxed 
version of the corresponding action in the PST formulation. 

In the present work we denote the 6d (world volume) coordinates by = (cr^, a^), where 
/i = 0,1, 2, 3,4. (In ref. m they were called x^.) The a® direction is singled out as the 
one that will be treated differently from the other hve.^ The 6d metric contains 5d 
pieces G^s, and G55. All formulas will be written with manifest 5d general coordinate 
invariance. As in refs. PO] , PT |, we represent the self-dual tensor gauge held by a 5 x 5 
antisymmetric tensor and its 5d curl by A useful quantity is the dual 


( 1 ) 

_ 0 

^This is a space-like direction, but one could also choose a time-like one. (See the discussion in sect. 2.2.) 
The reason we prefer this choice is that in section 6, where we perform a double dimension reduction to 
obtain a 4-brane in lOd, elimination of the special dimension leaves manifestly covariant equations. 
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It was shown in ref. that a class of generally covariant bosonic theories could be 
represented in the form L = Li + L 2 + ^ 3 , whereQ 

Li = —-V—Gf{zi, Z 2 ), 

L 2 = ( 2 ) 

1 n^p _ 


The notation is as follows: G is the 6 d determinant (G = det G/ip) and G 5 is the 5d determi¬ 
nant (G 5 = detG^i/), while G^® and G^^ are components of the inverse 6 d metric G^^". The 
e symbols are purely numerical with = 1 and = —e^j^pAo-- A useful relation is 

G 5 = GG^^. The z variables are dehned to be 


triGHGH) 

2 (—G 5 ) 

ii{GHGHGHGH) 

The trace only involves 5d indices: 


(3) 


triGHGH) = G^^H'^PGpxH^^. 


(4) 


The quantities zi and Z 2 are scalars under 5d general coordinate transformations. 

Inhnitesimal parameters of general coordinate transformations are denoted = (■^^,0- 
Since 5d general coordinate invariance is manifest, we focus on the ^ transformations only. 
The metric transforms in the standard way 


S^Gfio — ^d^Gpo + dp^G^i) + <9p^Gp5. 


(5) 


The variation of Bni, is given by a more complicated rule, whose origin is explained in ref. [31|: 


nil ^ H nil , 


( 6 ) 


where 


Knn = 2 - 




a(Li + L 3 ) ^ ( 2 ) r ^ 


(7) 


^The formula given in ref. |M has been rescaled by an overall factor of —1/2. 
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with 


kw 


/^( 2 ) 

flU 


Ki^) 

flU 


i-G.) 


(GHG) 


fiiy 


i-G,)^ 


(GHGHGHG) 




( 8 ) 


^fiupXo 


G^p 

2^ 


H 


Xa 


and we have dehned 


/. = |^. .= 1 , 2 . 

OZi 


(9) 


Assembling the resnlts given above, ref. m showed that the reqnired general coordinate 
transformation symmetry is achieved if, and only if, the fnnction / satishes the nonlinear 
partial differential eqnation ^ 

,1 


fl + Zifif2 + {-Z^ — Z2)f2 — 1- 


( 10 ) 


As discussed in |^, this equation has many solutions, but the one of relevance to the M 
theory hve-brane is 

^ ^ ( 11 ) 


/ — 2y 1 + 2^1 + -zl — Z2. 

For this choice Li can reexpressed in the Born-Infeld form 

Li = —\j—dei{Gfii, + iG f^pGpxHP^ / ^—G^. 


( 12 ) 


This expression is real, despite the factor of i, because it is an even function of H. Eliminating 
the factor of i would correspond to replacing zi by —zi, which also solves the differential 
equation. However, it is essential for the hve-brane application that the phases be chosen as 
shown. 


2.2 The PST Formulation 

In ref. (using techniques developed in ref. |^) results equivalent to those of the preceding 
subsection are described in a manifestly covariant way. To do this, the held is extended 
to with held strength Hp^op. In addition, an auxiliary scalar held a is introduced. The 
PST formulation has new gauge symmetries (described below) that allow one to choose the 
gauge Bp 5 = 0, a = a® (and hence dpa = Sp). In this gauge, the covariant PST formulas 
reduce to those of sect. 2.1. 
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As will become clear, the scalar field a is really a zero-form potential with one-form field 
strength da. Only the field strength needs to be single-valued. Furthermore, for the action to 
be nonsingular, it is necessary that the 6 manifold Mg admit nowhere null closed one-forms 
and that da be restricted to the class of such one-forms. It is allowed to be either time-like 
or space-like, however. This topological restriction on Mg is consistent with the conclusions 
reached in ref. 

Equation (|^) expressed Li in terms of the determinant of the 6 x 6 matrix 

GfipGux 


M[ip — G -\- i -— 

^ ^ y/ — QQ55 


HP\ 


(13) 


In the PST approach this is extended to the manifestly covariant form 

Gr,.G, 


= Gi,p + i 


' l^P^uX 


fiU 


^l-G(daf 




(14) 


The quantity 

{da)'^ = G^'^df^adpa (15) 

reduces to G^^ upon setting dj^a = < 5 ^, and 

Ht = (16) 

6 

reduces to Thus replaces Mfj^o in Li. Furthermore, the expression 

i' = (17) 

which transforms under general coordinate transformations as a scalar density, reduces to 

L 2 + T 3 upon gauge fixing. It is interesting that L 2 and L 3 are unified in this formulation. 

Let us now describe the new gauge symmetries of ref. Since degrees of freedom a 
and 5^5 have been added, corresponding gauge symmetries are required. One of them is 




(18) 


where are infinitesimal parameters, and the other fields do not vary. In terms of differ¬ 
ential forms, this implies 5H = d(j)da. is invariant under this transformation, since it 

corresponds to the dual of Hda, but dada = 0. Thus the covariant version of Li is invariant 
under this transformation. The variation of L', on the other hand, is a total derivative. 
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The second local symmetry involves an infinitesimal scalar parameter ^p. The transfor¬ 
mation rules are SGpc, = 0, 5a = ip, and 

dBpo = (19) 

where the quantity Vpc, is to be determined. This transformation is just as complicated as 
the non-manifest general coordinate transformation in the non-covariant formalism. Rather 
than derive it from scratch, let’s see what is required to agree with the previous formulas 
after gauge fixing. In other words, we fix the gauge dpa = 5^ and = 0, and figure out 
what the resulting ^ transformations are. We need 


Sa = ip + = ip + ^ = 0, 


( 20 ) 


which tells us that (p = —Then 




{day 


( 21 ) 


Thus, comparing with eqs. (j|) and (|^), we need the covariant definition 

r,. = - 2 ^ 

mz. 

to achieve agreement with our previous results. 

To summarize, we have learned that the covariant PST formulation has new gauge trans¬ 
formations, and one of them encodes the complications that end up in general coordinate 
invariance after gauge fixing. Thus this formalism is not simpler than the non-covariant one. 
However, it is more symmetrical, and it does raise new questions, such as whether there are 
other gauge choices that are worth exploring. 



3 Supersymmetrization 

The super-Poincare symmetry of the fiat lid space-time background should be implemented 
as a global symmetry of the five-brane theory. In terms of superspace coordinates and 
0, the lid supersymmetry transformation is given by 

60 = e and SX^ = er^0. (23) 
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Our convention is that the index M takes the values M = Skipping M = 10 

may seem a bit peculiar, but then is the 11 th dimension. Also, the Dirac matrix 
Fii = rori.-.rg, which appears in ten dimensions as a chirality operator, is precisely 
the matrix we associate with the 11th dimension. The spinors e and 6 are 32-component 
Majorana spinors. The Dirac algebra is 

{Fm, Fat} = 2?7m7v, (24) 

where f]MN is the lid Lorentz metric with signature (—h + ... +). 

As in other supersymmetric p-brane theories, two supersymmetric quantities are and 

uf = df,X^ - ev^df^e. (25) 

The appropriate choice for the world-volume metric is then the supersymmetric quantity 

Gf,, = PMvnf n^. (26) 

Taking 6 and X^ to be scalars under world-volume general coordinate transformations, Gfj^a 
transforms in the standard way. 

In addition, we require an appropriate supersymmetric extension of H = dB, which we 
write as 

Hpvp bpupi (27) 

or, in terms of differential forms, Ti = H — b^. The idea is to choose a 63 whose snpersym- 
metry variation is exact, so that it can be cancelled by an appropriate variation of B. The 
appropriate choice turns out to be 

&3 = \b^^pda>^da'^daP = \eT MNde{dX^ dX^ + dX^eV^dO + \eT^ dOOT^ d6). (28) 

K) Zi o 

Varying this, using 5^9 = e and S^X^ = eT^d, one hnds that is invariant for the choice 

s,B = -hrMNOidx^dx^ + hr^dOdx^ + ^er^deer^de) 

Z o J.0 

- -eTMoeTMNcieidx^ + hr^de). ( 29 ) 

6 5 

A usefnl (and standard) identity that has been used in deriving this result is 

der^dedeTMN + derMNdeder^ = 


0 . 


(30) 



The overall normalization of 63 and S^B could be scaled arbitrarily (including zero) as far as 

the present reasoning is concerned. The specihc choice that has been made is the one that 

will be required later. We also note, for future reference, that 

dn = -dh = -^dOYMNdeu^u^ = -^deijldo. ( 31 ) 

where we have introduced the matrix valued one-form 

^5 = (32) 

With these choices for Gj^c, and we can now write down extensions of Li and L 3 that 
have manifest lid super-Poincare symmetry: 

Li = 

Ls = (33) 

where zi and Z 2 are now formed from Td instead of H. 

The next step is to construct a supersymmetric extension of L 2 . This term is the Wess- 
Zumino term, which can be represented as the integral of a closed 7-form Ij over a region 
that has the 6 d world volume Mg as its boundary. In other words, 

S 2 = [ ^7 = [ (34) 

J J Mq 

where I 7 = dflg and Mg = dMj. The appropriate expression for Ij that reproduces L 2 of 
the purely bosonic theory is 

4^) = -^HdH = ^Hd^Hda^ (35) 

To understand this properly, there is a point that needs to be stressed. Namely, in adding a 
formal 7th dimension, the extra dimension is required to enter symmetrically with the first 
five. There continues to be one preferred direction, that is treated specially. Correspond¬ 
ingly, in writing Mg = OMt, the boundary operator should not act on the a® direction. In 
other words. My should have no = constant faces. It should also be noted that this M 
theory hve-brane theory action has a Wess-Zumino term that survives even for the bosonic 
truncation in a flat space-time background. However, as we will see in the next subsection, 
this feature is particular to the non-covariant formulation and is not shared by the PST 
formulation in which the pieces of the action are arranged somewhat differently. 
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To complete the construction of L 2 we must now supersymmetrize I) . The term 
^TLd^TLda^ achieves this, of course, but it is no longer closed. Additional terms should 
be added such that (i /7 = 0, up to a total derivative in the direction. The result that we 
hnd is 

= ^Hd^TLda^ — ^HdOip'^dO — ■:^d 6 ijj^d 6 , (36) 

where 

'iP = TMllfda^ = ^5 + TMll^da^ (37) 

When interpreting the 4-form dO'ip'^dO and the 7-form dOtp^dO it must be understood that 
one of the derivatives is required to be in the direction. The proof that (i /7 is a total 
derivative is reasonably straightforward using the identity (^) as well as 

-{d 6 T MNPQRdOdOT^ + dOT^dOdOTMNPQR) = dOT^MNdOdOT pq]. (38) 

Since A is manifestly supersymmetric, it is guaranteed that fig is invariant up to a total 
derivative under a supersymmetry transformation. For most purposes an explicit formula 
for L 2 is not required. Here we will simply report that 

L 2 = — 2b^jP) + terms indep. of B, (39) 

where 62 = \b^yda^da^ is given by 0 

62 = ~eTMNd^e{dx^dx^ + dx^ev^do + ^dov^ dOdev^ dO) 

+]^eTMNde{ 2 dx^d^x^ - d^x^OT^de - dx^ev^d^e - ‘hT^deeT^d^e).{A{)) 

Knowing this much of L 2 is sufficient to obtain the B^j,^ equation of motion. 

4 General Coordinate Invariance 

We should now check whether the general coordinate invariance of the bosonic theory in sect. 
2.1 continues to hold after adding terms depending on 6 in the way that we have described. 
As in the bosonic case, general coordinate invariance in hve directions is manifest, so only 
the transformation in the direction needs to be checked. The coordinates X^ and 6 
transform as scalars, he., 

5^X^ = id 5 X^ and 6^6 = ^ 856 , (41) 

"‘This expression is equal to where bixop is the covariant extension of the expression given in eq. (|2^). 
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which implies that Gf^c transforms as in eq. (^). To specify the proper transformation law 
for we shonld hrst examine its eqnation of motion. Using eq. (|3^, this is 

^ ^ Q_ ^42) 


The formnla for is as given in eqs. and (|[), except that now Li and L 3 of the 
snpersymmetrized theory should be used. This simply amounts to replacing H by H and 
using the supersymmetric expression for Gf^^. By the reasoning explained in ref. [^], the 
B equation of motion suggests that the appropriate transformation formula, generalizing 
eq. (D, is 

+ &/XI/)- (43) 

To determine S^H, one hrst computes that 




(44) 


It follows that 

6 ^n = d{ 6 ^B) - - h 2 di = d{^K) - eZg, (45) 

where 

Z 3 = d^bs - db 2 . (46) 

This can be made manifestly supersymmetric by noting that 

Zsda^ = {d^bs — db 2 )da^ = —^d9%lj‘^d9. (47) 

The 4-form on the right-hand side of this equation is required to contain one cr® derivative. 

The important point is that the Z 3 term in has no counterpart in the bosonic 
theory, so general coordinate invariance of the supersymmetric theory is not an immediate 
consequence of the corresponding symmetry of the bosonic theory. Let us examine next the 
part of -|- L 3 ) that arises from varying H, but not G. It is 

(48) 

This is conveniently characterized by the 5-form 


mx) - iZ 3 )K ~ -iK{dK + Z3), 


( 49 ) 


where ~ means that a total derivative has been dropped. 
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Consider now the ^ transformation of L 2 . A portion of L 2 was given in eq. (|3^). Repre¬ 
senting this as a 5-form and nsing 


5^1)2 = d^{ih2), 

one obtains 


(50) 


= -(d^B-b2)d{^(K + b2)) + Hd^((,h) + ... 

~ + Z^) ++ ... (51) 

where the dots are the contribntion from varying the H independent terms in L 2 . The ... 
terms precisely cancel the term, leaving 

5^L2^iK{d^n + Z^). (52) 

The demonstration that the ... terms contribnte —\h\d^ can be made as follows. The hrst 
two terms in eq. ([3^) contribnte the non-if pieces 

+ ^hdOx/j'^dO, (53) 

which has a non-trivial ^ transformation, becanse of the asymmetric way in which the 
direction appears. The variation is easy to compnte, and can be expressed as the exterior 
derivative of — which implies that this contribntes the reqnired variation of L 2 . 

Combining eq. (|52[) with eq. (^9]) leaves 

6 n{Li + L3)+6^L2^^K{d5n-dK). (54) 


This mnst now be combined with the terms arising from varying Gp,u in Li and L 3 . How¬ 
ever, at this point all terms whose strnctnre is pecnliar to the snpersymmetric theory have 
cancelled. The rest of the calcnlation is identical to that for the bosonic theory given in 


ref. [31 and, therefore, need not be repeated here. 


5 Proof of Kappa Symmetry 

5.1 Formulation Without Manifest Covariance 

As with all other snper p-branes of maximally snpersymmetric theories, the world-volnme 
theory should have 8 bosonic and 8 fermionic physical degrees of freedom. This requires. 
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in particular, the existence of a local fermionic symmetry (called kappa) that eliminates 
half of the components of 9. Despite the lack of manifest general coordinate invariance, the 
analysis of kappa symmetry for the M theory hve-brane is very similar to that of other super 
p-branes. As usual, we require that 

66 = k{1 — 7), (55) 


where K{a) is an arbitrary Majorana spinor and 7 is a quantity (to be determined) whose 
square is the unit matrix. This implies that ^(1 — 7) is a projection operator, and half of 
the components of 9 can be gauged away. In addition, just as for all other super p-branes, 
we require that 

6 X^ = -69r^9, (56) 


so that 


6Uf = -269T^df,9. 


As in our other work |M, we introduce the induced 7 matrix 


(57) 





(58) 


which satishes 

{7^,74 = 2Ga- (59) 

In this notation, the kappa variation of the metric is 


SGi^c. = + 'it,di,)0. 


(60) 


Before we can examine the symmetry of our theory, we must also specify the kappa 
variation of This works in a way that is analogous to that of the world-volume gauge 
held for D-branes. Specihcally, for the choice 

6 B = -69TMN9{dX^dX^ + 9T^d9dX^ + -dT^dd9T^d9) 

2 3 

+ ]-69T^99TMNdd{dX^ + \9T^dd), (61) 

Zi o 

we hnd that most of the terms in 577 cancel leaving 


61-L 


fii/p — 




(62) 
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or, equivalently, 


= e>^‘^P^^6e-fpxdJ. (63) 

Since we now have the complete theory and all the held transformations, it is just a matter 
of computation to check the symmetry. 

Before plnnging into the details of the calculation, it is helpful to sketch the general 
strategy that will be employed. It tnrns ont to be convenient to consider L 2 and L 3 together 
and to write their kappa variation in the form 

s{L2 + L 3 ) = ^seT%e. (64) 

The variation of Li is represented in a similar manner: 


SL, = (65) 

Z1j\ 

Then, in order that 66 = k{1 — 7 ) should be a symmetry, we require that altogether 


which is achieved if 

6{Li + L 2 + T 3 ) — + '-j)T^dp9, 

( 66 ) 

where 

= pT>^, 

1 -- 

(67) 

This implies that 

p = - 7 L 1 = -fV-GJl + Zi + -zf- Z 2 . 

( 68 ) 


= —G(1 + Zi + -zf — Z 2 )- 

(69) 


We must vary the Lagrangian to hnd and U^, and then determine p with the proper sqnare 
and show that = pT^. This is all straightforward, bnt it needs to be done carefnlly. 


Since the direction appears asymmetrically in the Lagrangian, the analysis of = 
is naturally split into two separate problems, corresponding to p, = 5 and /i 7 ^ 5. The 
6 = 5 case is the easier of the two, so let us begin with that. We must examine where we 
can get The variations of and do not give any. Therefore, in varying Li, the 

variations of Zi and Z 2 do not contribnte. The only contribntion comes from 

6v^ = -2x/^66Ydiie, ( 70 ) 

where, of conrse, 7 ^ = Thus 

7/5 = ( 71 ) 
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To determine we must vary L 2 + T 3 . Using the identity 


6 


the relevant piece of SL^ is 


which contributes 


G55 ) 2 - ^55 


1 


-50{'yf,dn + 'yrjdf,)6, 






(72) 

(73) 

(74) 


to T®. (The subscript on T represents the power of Ti.) 
The variation of the Wess-Zumino term S 2 is 


5 S 2 = 


de-—5dij^dd), 

60 


(75) 


a result that is obtained by expressing 5G as a total differential. This determines Tq + Tf, 
with 


where we have introduced 


T! = = -477', 


7 — 7012345 , 


which satishes (7)^ = —G. The linear term is 




Combining these results with 


we infer that T® = —where 


= pT\ 


To obtain the 77^ term we have used the identity 

^(t5 

GTl„ = 7 ' - ^ 7 . 


from which it follows that 


or 7,7"=7'’''. 


(76) 

(77) 

(78) 

(79) 

(80) 

(81) 

(82) 


If our reasoning is correct, this expression for p should have the square given in eq. (|6^) . 
This fact is verihed in Appendix A. 
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To complete the proof of kappa symmetry, we must find and and show that 
= pT^. Separating powers of H, as above, the variation of L 2 contributes to Tq and Tf 
while the variation of L3 contributes to Tf and T^. Altogether, we hnd that 


To^ = 

—477/^ 


Tf = 

- J5(G='‘W‘''’7„, + 2W''‘'7„7=) 


T2^ = 

7< + 0^7"). 

(83) 


The variation of Li determines > where 

= 4^7^^ 

= --^^^{HGnr - j^G^^^hiiGncn) 
m = -^^^e^^p^-^,^^^iGnG),MG^Gn)-{GnGnGnG),^ 
t/r = <g(G55)2 7^ (^^{HGnrtTiGnGH) - {HGUGHGUr^ 

+ G(J^ ~ {li^^iGnGn)f - tTiGHGnGnGn)'^. (84) 

The demonstration that = pT^ is presented in Appendix B. 

In conclusion, we have shown that the theory specihed by Li + L2 + T3 has all the desired 
symmetries: global lid super-Poincare symmetry, general coordinate invariance, and local 
kappa symmetry. 


5.2 Supersymmetric Theory in the PST Formulation 


The supersymmetric theory that we have just presented can be recast in a manifestly general 
covariant form, using the PST formalism, just as we did for the bosonic theory in sect. 2.2. 
In order to keep the notation from being too cumbersome, in this section (and only in this 
section) indices p, z/, etc., take six values, (he., we drop the hats used until now). Also the 
label “cov.” is dropped. Thus, upon supersymmetrization, eq. (|I^ , for example, becomes 

GfipGuX 


where 


— G^iy + i 


1 


-G{da) 


--n^\ 




(85) 


( 86 ) 
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Also, G^i, is constructed as in eqs. (^) and (^), and Ti. = H — is extended to six 
dimensions. In this notation the supersymmetric theory is given by L = Li + L' + L^z, 
where 


Li = 

L' = 




-^-det 


5' 




4:{day 


(87) 


Li can again be recast in the form 


Li — —a/—G y 1 + Zi + —zf — Z2, 

where now Zi and Z 2 are the obvious covariant counterparts of those in eq. 
Zumino term is again characterized by a seven-form Jy = dfle, where now 

Jy = —^TLd6%lj‘^dd — -^^dOip^dO. 


( 88 ) 
The Wess- 

(89) 


It is easy to check that dJy = 0 using eqs. (^Ol) and (|3^ . Global e supersymmetry and local 
reparametrization symmetry are manifest in these formulas. Note that neither the metric 
Gfj,y nor the scalar held a occur in Lwz- 

When one chooses the gauge a = and = 0, the Lagrangian given above reduces 
to the one in sect. 3. The way this happens is somewhat non-trivial. The point is that 
L' reduces to L3 and a portion of the non-covariant Wess-Zumino term L 2 . Specihcally, in 
the gauge-hxed theory the sum over the index p in the formula for L' can be separated into 
p = 5 and p 7^ 5 terms. The p 7^ 5 term accounts for L3 of the gauge-hxed theory, while the 
p = 5 term accounts for the piece of L 2 and a portion of the H piece. In particular, this 
accounts for why the coefficient of the Td linear term in eq. (^91) dihers from that in eq. (|3^). 

The proof of kappa symmetry in the PST formulation works as before (with 5a = 0), so 
we will not repeat the argument.^ The covariant extension of eq. (^) is 

1 1 


p = 7 + 


2 {da) 


dxa 


16 ((9a) 




(90) 


The demonstration that p^ = —det is essentially the same as in Appendix A. The 
covariant formula for = Tq + Tf -|- T 2 is given by 

_ Tq ^ = -477^ 

^Also, D. Sorokin informs us that it will appear soon in a paper by him and collaborators. 
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Tf = - 2i;7„7")a,a 

[Oa) 

+j^^^H'^''Hr,upG''^dxa'y'"daaG^^d(;a. (91) 


In the -8^5 = 0, a = cr^ gauge, these expressions reduce to the formulas and given in 
eqs. (^4]), (|76D , (|78|) , and (l83|) . The proof of kappa symmetry works essentially the same as 
before. 


6 Double Dimensional Reduction 

As is now well-known, when one of the ten spatial dimensions of M theory is a small circle 
of radius i?, the theory can be reinterpreted as Type IIA string theory in ten dimensions 
with string coupling constant proportional to PB| , |5P| . The hve-brane of M theory can 
then give rise to either a hve-brane or a four-brane of Type IIA string theory depending 
on whether or not it wraps around the circular dimension. Here we wish to focus on the 
case that it does wrap (once) so that one obtains a four-brane. This case is called “double 
dimensional reduction,” because the dimension of the brane and the dimension of the ambient 
space-time have been reduced by one at the same time. (The hrst example of this type to 
be studied was the double dimensional reduction of the M theory two-brane, which gives 
the Type IIA fundamental string P|.) The known 4-brane of Type IIA string theory is, in 
fact, a D-brane, which implies that its world-volume theory contains an abelian vector gauge 
held. However, the hve-brane theory that we have constructed contains an antisymmetric 
tensor gauge held, which remains one even after the reduction. However, as we will show 
elsewhere [^, the D4-brane action and the 4-brane with antisymmetric tensor gauge held 
obtained below, are related by a world-volume duality transformation. This is analogous to 
the relationship between the M2-brane and the D2-brane [O, WI, IS . 


The covariant action for the dual D4-brane in ten dimensions can be obtained from the 
M theory hve-brane action by setting 


= a' 


(92) 


and then dropping all dependence on he., extracting the zeroth Fourier mode. Doing 


18 















this gives 


'iJLu + C^Ci, 


where 


= -er^^d^e 


is the part of that survives. C and 

^3 = 63 + hTnTnd99T^^d9{dX^ + hv^dd) (97) 

enter in the D4-brane Wess-Zumino term. In these formulae quantities on the left (right) 
of the arrow have target space indices summed on 11 (10) values (e.g., ip = TmII^ on the 
L.H.S., tp = Tmll™ on the R.H.S., where m = 0,1,..., 9 and M = (m, 11)). Also, 

G = det Gf,c, G = det G^y 

Gs = det G^, ^ det(G^, + G^G,) = G(1 + G^), (98) 


where 


G2 ^ g^^c„G,,. 


One can analyze the double dimensional reduction of the action. A straightforward 
calculation shows that 






det G ui' A ^" 


-G(l + G2) 


+ Y^Y, 


( 100 ) 


Y^ = z 


. G^pW^Gx 


^-G(l + G2) 

which gives the double-dimensionally reduced version of Li. For L3 the answer is: 


1 GY ~ ~ 

-^3 = di 


1 GY ~ ~ 

Act ^ ^ ^ 'XjiiV'XjXa 

g^^z/pAfj n . 


( 101 ) 


( 102 ) 


The Wess-Zumino term is given by the reduction 


= --d9Tui^^d9 + nd9Tiiipd9. 


(103) 
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Under double dimensional reduction 


dTi = --^dOip'^dO —> --dOip'^dO + dOTu'ijjdOC, (104) 

whose supersymmetry variation is 

5jn deTuHOeT^^de. (105) 

From this one can infer that 

6 fP-C — {eT^^6)d6Tiii/jd6 + total derivative. (106) 

It is an interesting fact that, after the double dimensional reduction, Td is no longer invariant 
under supersymmetry. We will show below that the formula has a simple interpretation, 
which ensures that the reduced theory is supersymmetric. The kappa variations of the 
doubly dimensionally reduced theory can be analyzed in a similar manner. One hnds that 

sn = -dOi^'^de -d^'^de + 2devu'ii)dec. (io7) 

In order to preserve the gauge choice (^2]), both the supersymmetry and the k variations 
of the 4-brane helds must include compensating general coordinate transformations: 

0 = d,X^^ + + ^6 

0 = dx^^ + 

^ = ddr^^d. (108) 

Upon double dimensional reduction the induced general coordinate transformation parameter 
^ only appears in the quantities (see eqs. (^) and (^6]) ) 

d^n = d(^K) + ^db2 (109) 

and 

d^C^ = ( 110 ) 

The supersymmetry variations of C and 7d are entirely given by the induced cr® general 
coordinate transformation. Therefore supersymmetry of the theory after double dimensional 
reduction is a consequence of both the supersymmetry and the general coordinate invariance 
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of the original 6d theory. As a consistency check, one can show that eq. ( p.09|) with ^ 
reproduces eq. (|106|). Kappa symmetry works similarly: 


6C, = -6eT^^d.e - er^^dje = 


(111) 


where the second term is the remnant of the k variation of G^s. Looking at 5{d'H) we can 
compute 

57i = —56'ip‘^d6 + 266Tni^d6C — {66T^^6)d6Tn'i/jd6 + total derivative, (112) 


which is reproduced by combining eqs. (|107|) and (|109|) for ^ 


7 Discussion 


This paper has presented the world-volume action of the M theory hve-brane in a flat lid 
background. The required global and local symmetries have been verihed in detail using a 
formulation in which one world-volume direction is treated differently from the others. The 
corresponding results in the manifestly covariant PST formulation have also been presented. 
Although we have not done it, we expect that it would be reasonably straightforward to 
extend the results to an arbitrary background, as has been done for D-branes in refs. [^, |T^. 
All the considerations in this paper have been classical, but there are undoubtedly various 
quantum implications. In fact, it has been suggested recently that certain supersymmetric 6d 
theories can have non-trivial renormalization group hxed points |^. Perhaps our hve-brane 
action is of this type. 

The hve-brane world-volume theory has a solitonic solution that describes a hnite- 
tension self-dual string of the type discussed in . We think that it will be very interesting 
to study this string and its excitation spectrum, which could then be compared to the 
spectrum conjectured in It is curious that the hve-brane, which itself arises as a soliton of 
the lid theory, has its own solitons. Upon double dimensional reduction to the IIA 4-brane, 
as discussed in sect. 6, the self-dual string can either wrap or not wrap. This rehects the fact 
that the D4-brane has both point-like and string-like solitons, which are electric-magnetic 
duals of one another. The point-like solitons can also be viewed as describing bound states of 
D4-branes and DO-branes with the DO-brane charge representing momentum in the compact 
dimension. The string-like solitons do not appear to have an analogous interpretation. 
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Another direction that we think deserves to be explored is how the M5-brane should be 
described in the background that describes the x theory |^. The 5-brane in such 
a background will have half as much supersymmetry as we have described, corresponding 
to = 1 in lOd. More signihcantly, it should have a soliton solution that describes a 
“heterotic” self-dual string. The gauge group, whose currents would appear as left-movers, 
should be E^ |4^ . It would also be interesting to explore how wrapping M5-branes on 


suitable 2-cycles gives rise to Seiberg-Witten theories in the unwrapped dimensions 
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Appendix A — Evaluation of 

This appendix will show that = —G(1 + Zi + — Z 2 ), where 

p = ^ (113) 

It is convenient to rewrite p 2 (the subscript refers to the order in Ti) as 

P2 = (114) 

where we have used 

= ^(-l)^77Afc+i...A6- (US) 

The matrix 7 anticommutes with all 7^’s, so {po^Pi} = 0 and [P05P2] = 0. Furthermore, 

{Pl, P 2 } ~ bap, = 0 (116) 

as the commutator is antisymmetric over six 5-valued indices. Thus, 

= Po + Pl + 2poP2 + p 2 - (117) 

We know already that p^ = —G and P0P2 = — So we need 

pI = j^W'“'H'”7„.7^ = - 2G„G„,) 

= ^lW'“'H'”7„.., + 2tr(H^)|, 

where tr ili?) represents tr (GHGH). Thus, pl + 2poP2 = —Gzi. Finally, 

G ~ 

fp — _'p//llM2'p/M3M4'p/13il/2-w;/3l/4 

K2 64G^ ^ ^ ' '' '' '' / M1 M2 MS/44 /1311^2123134 • 

In the multiplication of gamma matrices^ one can argue that the only terms that contribute 
after contraction with the Ti’s are effectively 


7/ll/42M3M47l31132I33i34 ~ SiG h 21 / 2 ^ 


fl4U4 




®A useful generalisation of the relation 7 ^ 1 . 7 ^ = 7 ^ 1 .is 


mm(m,n) 

7 /n...M^ 7 .x...i 3 „ = ^ Crip4. 

k^O 


■Pm-kt^l---Vn,-kGPrn,-k + lVn,-k + l ' ' ' Gfl^Vn, 


, , , , k(k+l} . f'm\ fn\ __ 

where G™” = (— 1 )'^"+ 2 klikjikj- The terms in the sum are antisymmetrized over all p’s and m’s 

separately. 


23 













and thus 


( 118 ) 


pI = (W*)) = - zt)- 

Collecting all the terms, we obtain the desired relation; 

= —G(1 + Zi + -zl — Z2)- (119) 

Appendix B — Evaluation of pT^ 

We wish to demonstrate that pT^ = U^, where p, and are given by eqs. (PPP, (PB|), 
and (|5^), respectively. The calculation is somewhat messy, so we proceed order by order in 

n. 

To zeroth order, po = 7 Tq = —give PqTq = = Uq. The linear order 

contribution comes from (pT^)i = piT^ + poTf, where 

Pi = n = - + 20^7/). (120) 

Since 

Pin = +G’-n.,+ 2G^7/), (121) 

we obtain 

(pTni = JjW'"’77./'‘ = -^e“''"‘"‘7.p(GWG),„ (122) 

where eq. (|115D has been used in obtaining the second equality. Thus, (pT^)i = f/f. 

The higher-order calculations somewhat simplify if one rewrites p2 as 

P2 = (123) 

and T 2 as 



= ^W‘''’H"”£,„,A..(G'‘''Gf 7< + 0^7") 

(124) 


1 ~ ~ 

= Jg-W''’” 7(7-P>-'‘ - 2^7»,a/), 

(125) 

using eqs. (81) and (82). 

In quadratic order. 



(pT^)2 = PoT2^ + PiTr + p2ToC 

(126) 
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If we factor out as a common factor in all terms, 

rr, _ 1 . 5^ 

PO-^2 ^ J 

Pi^i" ~ -7g^7./|G'''‘7A, + 2G^7/] = 

--^1G='‘(7„,a/ - 2Ga„G,p7") - 2G®G'‘j(7„,„ + 27„G,,)| 

P2^0 ~ ^^“77i^pA(T77^ 2(^55 (^i2pA(T^ + ^'JupxGcr^) ■ 


Combining these contributions and reinstating gives 

1 _ _ (^5/2 

= ^W‘''’W"‘’|2^Gi„G,,7= + 4G^7„G„J = 

= -^l^‘'(W^h-^ + 2(W^)'“'7j 

= G?. 


(127) 


(128) 


At cubic order in H, 

(pT^)3 = piT'^ + P2Tr. 

Let the common factor to be Since, 


7 {'lupXa^ 2 'JupXa ) lupXa^l i 


we get 


(129) 


(130) 


Pir2' ~ 


'yi—^upxGaa^P + —'^vp^GaaG i3\ — 'JuX^G aaG pp)'^^. 


G^SGs'' -G—■ 2 


The second term in eq. ( p.29|) can also be simplihed: 

1 


Thus, 


P2rr 


-llupXa{G^^'yai3 + 2G'^^7„7'^) 


4G55G5 

7[G^^( —-7,7pGq,aG/3o- + '^vxGapG Pa) — ^vpxGacr^p'l^]- 




(pT^^- - 


13 — 


gJ^7[7./7" - G'‘^„J|iw'"'tr (H'^) - («=>)-<>] 


GP 


= US- 


(131) 
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Finally, in the quartic order, 


G 




^ M _ Ol!_^ S', 

H2-^2 ~ 15(^2 ' //41A12M3A‘4 W!^li^2!23!24 1V\V2VZVA 


G55 


(132) 


The relevant contribution of 7 ’s in this case is 

1 ^l■1^^2^^i^^AlvxV2VzVA^ ~ [87^(^/411^1^/42!22^A13l43^/44!24 2G^2l2lf^/43!22^/44l23^A‘1124) 

— 327yj^(5|^^G^21^2^/43!23^/44!24 ^31^2 G^4 £^3 G^l ,^4 ) ]. 

It follows that 


{pT 


= 


C 1 

{( 7 " - 2^7^) [-(tr {fe)f - (tr {n% 


(G -^2 


-47,[-tr (7^2)772 _ 77^]/^"} 


= U!f. 


(133) 


This completes the proof. 
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